The problem of quantum coherent transports in granular systems is discussed in this paper with a model of disordered granular conductors, where transport properties can be computed exactly. We argue that the perturbation theory result obtained by Beloborodov et al. [Phys. Rev. B 63, 115109 (2001)] is valid for a more general class of granular systems beyond usual granular metals. DOI: 10.1103/PhysRevB.70.172104 PACS number(s): 72.15.Ϫv, 73.23.Ϫb Interest in studying electronic transports properties of granular metals has persisted for a long time. [1] [2] [3] [4] [5] [6] [7] The main difference between granular metals and normal disordered metals is that there exists a large temperature range where transports is dominated by incoherent processes usually called quantum dissipation, and the transports in this temperature range can be described by an effective action proposed first by Ambegaokar, Eckern, and Schön (AES). 2 The competition between Coulomb interaction and quantum dissipation determines the electronic properties in this temperature range. However, it is also expected that coherent transports should recover in the low-temperature regime T ഛ⌬⑀, where ⌬⑀ is the average energy level spacing in the grains. 
Interest in studying electronic transports properties of granular metals has persisted for a long time. [1] [2] [3] [4] [5] [6] [7] The main difference between granular metals and normal disordered metals is that there exists a large temperature range where transports is dominated by incoherent processes usually called quantum dissipation, and the transports in this temperature range can be described by an effective action proposed first by Ambegaokar, Eckern, and Schön (AES). 2 The competition between Coulomb interaction and quantum dissipation determines the electronic properties in this temperature range. However, it is also expected that coherent transports should recover in the low-temperature regime T ഛ⌬⑀, where ⌬⑀ is the average energy level spacing in the grains. 3 A theory describing the crossover between the two regimes in granular metals have been proposed by Beloborodov et al., 1 where they formulated a perturbation theory valid in the intermediate-to low-temperature regime E T ӷ k B T, where E T ϳ D / L 2 is the average Thouless energy of grains and L 3 = ⍀ is the average grain volume. Beloborodov et al. considered a model Hamiltonian,
where the first term represents the Hamiltonian for single grains in the single-particle eigenstate representation, ⑀ n ͑i͒ 's are the eigenenergies in grain i, and the second term is the tunneling Hamiltonian between different grains. Notice that spin is neglected in the above Hamiltonian since it is irrelevant in the absence of magnetic field, spin-orbit coupling, and electron-electron interaction. The energy levels ⑀ n ͑i͒ 's in different grains are random but characterized by the same energy level distribution ͑⑀͒, corresponding to finite mesoscopic systems in the weak-disorder regime when localization effect within grains are unimportant. 5, 8 The tunneling matrix elements t ij between grains are assumed to be completely uncorrelated between different grains, i.e.,
where ͗ ͘ t denotes disorder average over hopping. The density-density response function was computed in terms of a perturbation theory of the parameter 1 / g T where g T = 2 ͉t͉ 2 is the average tunneling conductance between grains and ϳ 1/͑⌬⑀⍀͒ is the grain average density of states. In the large g T limit they showed that the response function has the form 1, 4 ͑q ជ,͒ ϳ Dq
where D ϳ g T l 2 is the diffusion constant for a corresponding normal dirty metal, l ϳ distance between grains and ␦ = ⌬⑀.
The response function describes "quantum dissipation" in the intermediate temperature regime T ӷ g T ␦ but describes normal diffusive behavior in the low temperature limit T Ͻ g T ␦.
It suggested that the crossover from "quantum dissipation" to "quantum coherence" regime occurs at T ϳ g T ␦.
The theory of Beloborodov et al. 1 depends on condition (1b) of complete decoherence between different hopping processes, which is generally believed to be correct in describing tunneling processes between metallic grains at energy ⑀ Ͻ E T . 8 In this limit, only retraceable paths representing elastic cotunneling processes 3 contributes to coherent transports. The crossover energy scale g T ␦ arises naturally as a result.
The crossover energy scale ϳ⌬⑀ can be inferred from a more general argument in the strong disorder limit, where all states are localized. In this limit hopping conduction dominates and an electron on an occupied site would typically jump to a site with energy ⑀ h above it, with ⑀ h ϳ͑ d ͒ −1 , 9 where d is dimension of the system, is the localization length, and is the density of states. The localization effect (or quantum coherent transports) shows up only when the temperature is lower than ⑀ h , when hopping conduction is quenched. With the assumption that localizations within grains are unimportant, we have Ͼ L. The grain density of states is of order 1 / ͑L d ⌬⑀͒. Therefore ⑀ h ഛ⌬⑀, suggesting that coherent transports appear only at energy scale ഛenergy-level spacing within grains.
The above argument suggests that the crossover behavior obtained by Beloborodov et al. 1 is a general property of granular systems and is independent of the incoherent hopping condition (1b). To show that this is indeed the case we study in this paper a model of disordered grains where hopping processes are much more coherent than given by relation (1b) and transports are not dominated by retraceable paths. We find that the transport properties computed in the model is qualitatively the same as result of Beloborodov et al., indicating that Eq. (2) indeed applies rather generally to systems described by Hamiltonian of the form (1a).
Our model is described by a Hamiltonian of the same form as (1a) with the assumptions that (1) the hopping matrix elements are independent of level indices, i.e., t ij nm ϳ t ij , and (2) that all grains are identical, i.e.,
where the grain energies ⑀ n 's are identical for all grains although they are still assumed to be random with density of states characterized by finite mesoscopic systems in the weak-disorder regime. Notice that assumption (1) implies that phase coherence between different hopping processes from one grain to another is maintained in our model. We shall show that transports in our model can be computed exactly with the above two assumptions. We consider the density-density response function
where ␣ and ␤ are exact one-particle eigenstates and ⑀ ␣ and ⑀ ␤ are the corresponding eigenenergies in the model. f͑⑀͒ is the Fermi distribution function. r i and r j are the position vectors and n and m are grain level indices. For the special form of Hamiltonian (3), the one-particle eigenstates have a separable form, ␣ ͑i , m͒ = k ͑i͒ nk ͑m͒, where ␣ = ͑n , k͒, i is the grain index, and m is the energy level index within a grain. k ͑i͒ represents the spatial part of the wave function and satisfies the Schrödinger equation
where t͑k͒ are the corresponding eigenvalues. The "grain" wave function nk ͑m͒ satisfies the Schrödinger equation
with eigenvalue equation
where 
͑6͒
Introducing G(t͑k͒ , z) = g 0 ͑z͒ / ͓1−t͑k͒g 0 ͑z͔͒ and A(t͑k͒ , ⑀) = −Im͓G(t͑k͒ , ⑀ + i)͔, we may also write
where
Notice that hopping disorder manifest itself only in the spatial part of the wave function through F͑E , EЈ , r i , r j ͒ in our model and the disorder average over hopping enters only in computing ͗F͘ t . ͗F͑E , EЈ , r i , r j ͒͘ t = F ͑E − EЈ , r i − r j ͒ is related to the imaginary part of the average density-density response function Im 0 ͑q ជ , + i͒ of a corresponding oneband dirty metal with eigenstates given by the Schrödinger equation (5a), 10 where
where F ͑ , q ជ͒ is the Fourier transform of F ͑ , r ជ͒. Therefore, the disorder average over hopping can be performed exactly in our model if the average density-density response function in the corresponding one-band model is known. For weak disorder we have the usual diffusive form
valid at small q ជ and , where D is the diffusion constant for the corresponding one-band dirty metal, and ͑‫ץ‬n / ‫͒ץ‬ t is the corresponding density of states on the Fermi surface. The strong disorder limit will be discussed later. We next consider average over grain disorder. Before considering the disorder average we first examine the eigenvalue spectrum ⑀ nk and spectral function A(t͑k͒ , ⑀) of the system for a fixed grain disorder. The energy dispersion ⑀ nk is determined by the eigenvalue equation (5c). For given grain level index n it describes a disordered energy band [as a function of t͑k͒] sandwiched between energy levels ⑀ n and ⑀ n+1 (except for the lowest and highest energy level) with bandwidth of order ⌬⑀. The corresponding spectral function A(t͑k͒ , ⑀)
consists of a sum of ␦-functions with energy spacing ϳ⌬⑀.
Therefore the imaginary part of the density-density response function describes intraband transition for energy Ӷ⌬⑀ and describes interband transition when ജ⌬⑀. This behavior persists rigorously even after disorder average over grains, as long as all grains are identical.
The two different regimes ജ ͑Ӷ͒⌬⑀ have to be treated separately when performing the disorder average over grains. First we consider Ӷ⌬⑀. In this regime only intraband transition contributes to the imaginary part of . For states in the same band, it is easy to show using Eq. (5c) that
Together with Eq. (6), we obtain
which has the same form as the density-density response function of a usual one-band dirty metal, except that the bandwidth is of order ⌬⑀ but not of order ͉t ij ͉ϳt. Therefore, we expect that in the weak-disorder limit,
where ␦ ϳ ⌬⑀͑‫ץ‬n / ‫͒ץ‬ t . The ␦ factor renormalizes both the diffusion constant D → ␦D and the density of states ͑‫ץ‬n / ‫͒ץ‬ t → ͑1/␦͒͑‫ץ‬n / ‫͒ץ‬ t and the renormalization effects cancel each other in the numerator. Next we consider ജ⌬⑀ where interband transition dominates. The average over hopping disorder in the density response function can be performed using Eqs. (7) and (8), with F → F . The average over grain disorder can be performed by replacing A͑E , ⑀͒A͑EЈ, ⑀Ј͒ → ͗A͑E , ⑀͒A͑EЈ, ⑀Ј͒͘ g , where ͗ ͘ g denotes average over grain disorder with
where R͑͒ is the level-level correlation function for mesoscopic grains. 4 For energies ⑀ , ⑀ЈϽ E T , it is believed that the grain level-level correlation function exhibits universal behavior of quantum chaos. 4 In particular, our system belongs to the orthogonal ensemble and R͑͒ϳ1 for ӷ⌬, and ϳ͉͉ / ⌬⑀ for ϳ ⌬⑀. This is valid as long as ⑀ , ⑀Ј describe different energy levels (interband transition). The presence of the additional interaction term t͑k͒ is not expected to modify this general behavior.
To compute ͗A͑E , ⑀͒͘ we consider an average grain density of states Because of the separation between in-grain and hopping disorder in our model, our result can be generalized rather easily to the regime of strong hopping disorder. Generally speaking we find that localization is reflected in a different form of F ͑ , r͒, and is observable in the density-density response function only at energy scale ഛ⌬⑀, when transports is dominated by intraband transition.
When compared with the theory of Beloborodov et al., we find that the more coherent hopping in our model renormalizes the energy levels in the grains into (disordered) bands. After renormalization, a coherent transition between different grains can occur only within the same band and we recover a picture of renormalized elastic cotunneling processes.
The assumption of identical grains can be relaxed in our model through introduction of an interaction term,
where V nm ͑i͒ is a random scattering term within grain i and are completely uncorrelated between different grains. This term can be treated by the usual perturbation theory technique and we find that the conclusion we drawn from the exact model is not modified qualitatively in a lowest-order self-energy and vertex correction calculation, in agreement with the expectation that the transports behavior described by Eq. (2) is indeed a general property of granular systems, independent of the incoherent hopping condition (1b).
